Abstract. We establish a bound for the radius of a tight ball in a, not necessarily closed, contact 3-manifold (M 3 , ξ). The bound is calculated with respect to a Riemannian metric g compatible with an associated contact form α and an almost complex structure on ξ (see [2, 4] ). We also consider a weaker form of compatibility and derive similar bounds in this context. In particular we give a Riemannian geometric condition that implies a contact structure is universally tight.
Introduction
Let (M 3 , ξ) be a contact 3-manifold. Following Chern and Hamilton [4] we say a Riemannian metric on M is compatible with ξ if there is a unit length contact form α, that is ξ = ker α, such that dα = * α where * is the Hodge star operator induced by the metric. The study of compatible metrics is useful in CR-geometry, fluid mechanics and other subjects. They have been extensively studied from many perspectives, see [2] , but so far there has been little work connecting properties of the compatible metric with much studied properties of the contact structure in dimension three. Specifically, recall that a contact structure on a 3-manifold is either overtwisted or tight according as it contains, or does not contain, an embedded disk which is transverse to the contact planes along its boundary, but the boundary curve is tangent to the contact planes. This tight versus overtwisted dichotomy is of fundamental importance in 3-dimensional contact geometry [1, 5] and one of the central questions in the field is whether hyperbolic manifolds admit tight contact structures (many of them do, but their construction has nothing to do with the hyperbolic metric). One would like to understand how properties of a Riemannian metric compatible with a contact structure are related to whether or not the contact structure is overtwisted or tight. We take a first, small, step towards addressing this problem in this paper, by proving a result that can be thought of as a Darboux theorem with geometric control. Recall, Darboux's theorem says that any point in a contact manifold has a neighborhood that is contactomorphic to a ball in standard contact R 3 (and hence tight). We prove a version of this result in which we can estimate the size of the Darboux ball in a compatible Riemannian metric. More specifically, given a Riemannian manifold M supporting a contact structure ξ we may define the quantities τ p (M, ξ) = sup{r | the geodesic ball B p (r) at p of radius r is tight}, which we may refer to as, respectively, the tight radius of (M, ξ) at p and the tight radius of (M, ξ). Our objective is to provide lower bounds for τ (M, ξ) in the compatible Riemannian metric. We illustrate two techniques for proving such a result. The first technique yields the following theorem. 
and assume C = inj(M).
Notice that since B ≥ 1 in the theorem, the largest possible ball that can be guaranteed to be tight using the theorem is the unit ball. Thus it turns out that we cannot use this estimate to prove any particular contact manifold is tight, but the point of this work is to demonstrate a relation between tightness and Riemannian geometric properties.
Our second technique produces the following result. 
where inj(M) is the injectivity radius of M, and K > 0 is an upper bound for the sectional curvature. If sec(M) ≤ 0 we may take the
The reader may easily recognize the above estimate is the standard convex radius estimate in Riemannian geometry [3] . The theorem is in fact implying that in the compatible metric the convex radius is the tight radius.
It appears that these two theorems are some of the first results that relates Riemannian geometric properties to tightness for a general 3-manifold.
Clearly, Theorem 1.2 is stronger than Theorem 1.1, but we state them separately and give proofs of them using different techniques each of which might be useful in future work. The main idea in the first proof is to construct a model neighborhood of a point p taking the normal bundle of a Reeb trajectory through p. In this neighborhood we measure how much the contact planes "twist" in the normal directions to the trajectory. Intuitively if the plane never twist enough that their projection to the normal directions is orientation reversing then the neighborhood should stay tight. The second technique used in the proof of Theorem 1.2 involves studying the interplay between various notions of convexity in Riemannian and symplectic geometry. Theorem 1.2 has the following immediate corollary. Proof. The pull-backs of ξ and the metric to any covering space will still be compatible and the sectional curvatures will still be non-positive. It is well known the universal cover in this case will be R 3 and the space is exhausted by geodesic balls. The previous theorem says a ball of any radius is tight, but since any potential overtwisted disk will have to be contained in a ball of some radius it cannot exist. This brings up an interesting question: Given a universally tight contact structure on an aspherical 3-manifold, is there a compatible metric with non-positive sectional curvature? It is known that the compatible metric cannot have a strictly negative curvature everywhere, the nonpositive curvature case is an open problem, [2, p. 99] .
We note that if M is a compact manifold then one may easily show that a lower bound for τ (M, ξ) exists. To see this note that M may be covered with Darboux balls (which are tight). Then the Lebesgue number for this open cover provides the desired lower bound. Of course this bound exists for any metric and one has virtually no control over it. Our main theorem shows that if the metric is adapted to the contact structure then one does not need compactness and one can estimate τ (M, ξ) below in terms of curvature and injectivity radius. In particular our theorem shows when M is noncompact with bounded curvature and injectivity radius, the tight radius cannot shrink to zero at infinity.
In the Section 5 of this paper we give examples that show how to use our various theorems to compute τ (M, ξ) in various situations.
In the last section of this paper we consider a weaker form of compatibility of a Riemannian metric and a contact structure. Namely we say a contact structure ξ is weakly compatible with a Riemannian metric g if there is a contact form α for ξ that is an eigenfield for the curl operator, that is if * dα = µα where * is the Hodge star operator for the metric g and µ is a non-zero constant. (We note that this equation is dual to the normal curl eigenfield equation for vector fields.) This condition is much weaker than the compatibility discussed above. In particular α does not have to be constant. While weak compatibility has not been as extensively studied as compatibility it is still quite useful as we now demonstrate, see also [6] .
To extend the above results to the setting of curl eigenfields we introduce the following notation, let K ≥ 0 and sec(M) ≤ ±K, define
here, of course, in the first case we assume sec(M) is positive somewhere and in the second case that it is 0 somewhere. Also set
where X α is the Reeb vector field of α. Notice that m ρ < ∞ whenever M is closed. 
We note that since ct K (r) → ∞ as r → 0 the bound is always nonzero. We also notice that if α is actually compatible with g then X α = 1 and thus ct −1 K (2m ρ ) can be taken to be ∞. Thus Theorem 1.2 is a formal consequence of this theorem.
We end with the following strengthening of Corollary 1.3. 
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2. Background and preliminary observations 2.1. Compatible metrics. Throughout the note we employ the language of contact metric manifolds, as in the monograph by Blair [2] . We begin by reviewing certain facts here to make this note self contained.
To construct a metric compatible with a contact structure ξ we first choose a contact 1-form α for ξ. The 2-form dα defines a symplectic structure on ξ thus if we choose an almost complex structure on ξ that is compatible with dα then there is a naturally induced inner product on ξ. We can extend this to a metric on M by declaring that the Reeb vector field X α of α is of unit length and orthogonal to ξ. Recall the Reeb vector field X α is the unique vector field satisfying
where ι denotes contraction. One may easily check that a metric so defined is compatible with ξ. In [2] the above description of a compatible metric is "repackaged" as follows. One may choose an endomorphism φ of T M satisfying φ(X α ) = 0, α • φ = 0, and
A convenient way to think about φ is as an almost complex structure J on ξ, compatible with dα| ξ , precomposed with the projection on ξ along the Reeb field X α . In [2] the triple (M, α, φ) is called a contact metric manifold with the associated metric
which implies that α also satisfies
for the Hodges star * induced by g. Denote by ∇ the Levi-Civita connection of the metric g, R the corresponding Riemannian curvature tensor, Ric the Ricci tensor and sec(M) the sectional curvature. Recall that in dimension 3 the Ricci tensor completely determines the curvature tensor. In the theory of contact metric manifolds the symmetric tensor field
plays the fundamental role, here L Xα denotes the Lie derivative along the Reeb field X α . We have the following important relations, see [2] , involving h
where v is an arbitrary vector field.
Another basic fact about compatible Riemannian metrics is that the integral curves of the Reeb field X α are unit speed geodesics. It follows immediately from the following calculation
for any v in ξ or for v = X α which is enough to conclude that ∇ Xα X α = 0.
2.2. Convexity in contact geometry. Let (W, J, ω) be a symplectic manifold with an almost complex structure J tamed by a symplectic form ω, that is ω(v, Jv) > 0 for all nonzero tangent vectors v. Assume that Ω ⊂ W is an open, relatively compact, domain in W. Let Σ be a hypersurface in W that bounds a region Ω in W and h : W → R be any function such that Σ is a regular level set, say Σ = h −1 (1), and Ω is a sublevel set of h. The complex tangencies C = T Σ ∩ J(T Σ) to Σ can easily be described as the kernel of the 1-form
We say Σ is the pseudoconvex, or strictly pseudoconvex boundary of Ω if dβ(v, Jv) ≥ 0, respectively dβ(v, Jv) > 0, for all v ∈ C.
The weak maximum principle for elliptic operators gives a well-known property of pseudocovex hypersurfaces: they cannot be "touched from the inside" by holomorphic curves. This can be precisely formulated as follows.
Lemma 2.1. Suppose (W, J, ω), (Σ, Ω) and h are as above. Then any is a holomorphic curve S in Ω, that is not strictly contained in Σ, is transverse to Σ. In particular if S ⊂ Σ then the interior of C is disjoint from Σ.
We will be interested in the following situation: let (M, ξ) be a contact manifold and α a 1-form such that ξ = ker α. Moreover let U be a regular sublevel set of some function h : M → R and S = ∂U. Now consider the symplectization of (M, ξ), that is the manifold W = R + × M with the symplectic form ω = d(tα). We can think of h as a function on W (by composing with the projection W → M) and thus we get the regular sublevel set Ω = R + × U with boundary Σ = R + × S. The following result is an easy corollary of the previous lemma and work of Hofer [8] .
Corollary 2.2. Suppose (M, ξ), (W, ω), U and Ω are as above. If X α , the Reeb vector field associated to α, has no closed orbits in U and Σ = ∂Ω is pseudoconvex then ξ| U is tight.
Proof. In [8] , Hofer shows that any Reeb vector field for any closed overtwisted contact manifold has a closed periodic orbit. The argument is, by now, a standard application of "filling by holomorphic disks" in the symplectization of the contact manifold. As holomorphic surfaces cannot have tangencies with a pseudoconvex hypersurface it is well known that these filling arguments carry over to the case of symplectizations with pseudoconvex boundary. As U has pseudoconvex boundary we can apply Hofer's argument to its symplectization to conclude that if ξ| U was overtwisted then there would be a closed orbit in the flow of X α inside U. Thus ξ| U is tight.
2.3. Convexity in Riemannian geometry. Let S be a hypersurface in an Riemannian manifold (M, g) that bounds a region U. We say that U is (locally) weakly geodesically convex at p in M if any (local) geodesic in a direction v ∈ T p S is disjoint from the interior of U. The region U is weakly geodesically convex if it is weakly geodesically convex at every point p ∈ S. One may easily see, for example, that when S = ∂U is totally geodesic then U is weakly geodesically convex. Lemma 2.3. Let h : M → R be a smooth function on a Riemannian manifold (M, g) and let U be a sublevel set of h at a regular value. Then U is weakly geodesically convex at p ∈ S = ∂U if and only if the Hessian of h is positive semidefinite:
Proof. Assuming the Hessian is positive semidefinite let γ be the geodesic such that p = γ(0),
Therefore, γ cannot have the interior tangency with S. Conversely, if there is a vector v tangent to S at p for which ∇ 2 h(v, v) < 0 then let γ be the geodesic through p with tangent vector v and we see that h • γ has a local maximum at p. Thus γ will intersect the interior of U.
We recall the convexity of the distance function, [3] . 
where inj(M) is the injectivity radius of (M, g), then the Hessian of the distance function
is positive definite on the ball of radius r about p, B p (r).
Proof of Theorem 1.1
The method of the proof relies on the following basic observation: at each point p of the manifold M we consider coordinates around a piece of the trajectory ζ of the Reeb field through p, given by the (normal bundle) exponential map
, (where D(r) denote discs of radius r). We estimate the radius r from every point p = ζ(z) such that the vector field X α stays transverse to the discs
Put differently, we require the angle between X α and the normal to the disc D z be less than . This implies that the contact plains are always transverse to the normals to the disks.
The proof of Theorem 1.1 consists of two parts. First we prove that the contact structure defined by the 1-form α is tight on the cylinder C(r) = exp ν (−r, r) × D(r) where the exponential map of νζ is injective and X α stays transverse to the discs D z . We then prove that the geometric estimate (1.1) tells us that the cylinder C(r) satisfies these properties. In the following let us denote by U the closure of C(r) for some r for which the exponential map of νζ is injective and X α stays transverse to the discs D z .
Proof of tightness of ξ in U. Let α be our contact form on U ∼ = D×[0, 1]. We use coordinates (x, y, z) where (x, y) are coordinates on D, z is the coordinate on [0, 1] and X α is transverse to D × {z} for all z and the contact planes are transverse to the interval direction.
We will embed U in a larger contact manifold that can easily be seen to be tight. One may slightly alter ξ near D × {0, 1}, keeping the above mentioned properties of ξ, so that D × {0, 1} is convex and in particular the characteristic foliations can be assumed to be Morse-Smale. One may find functions f 0 and f 1 from D → R such that the characteristic foliations on the graphs of these functions over D in R 3 with the standard contact structure ker(dz + r 2 dθ) agree with the characteristic foliations on D × {0} and D × {1}, respectively. Now let C be some constant such that f 1 (x, y) < C for all (x, y) ∈ D. Let R be the region between the graphs of f 1 and the constant function C in By a slight perturbation of U ′′ if necessary we can assume ∂U ′′ is convex. Considering the contact structure on R 2 × S 1 given by dφ + r 2 dθ, where φ is the coordinate on S 1 and (r, θ) are polar coordinates on R 2 , one may easily use Giroux's flexibility theorem [7] to find a tight contact structure on a solid torus S = D 2 × S 1 with convex boundary having an orientation reversing diffeomorphism from ∂S to ∂U ′′ that preserves the characteristic foliations and takes the S 1 factor to the S 1 factor. (Note all one needs to do to achieve this is observe that S can be chosen to have any desired negative dividing slope and thus we can find some diffeomorphism of the torus taking this dividing slope to the one on ∂U ′′ and preserves the S 1 factor.) Moreover, by construction the contact planes are transverse to the S 1 factor of S and the manifold obtained from gluing by the diffeomorphism is a lens space L(p, 1) for some p (this follows as the S 1 factor is preserved and hence we are getting an S 1 bundle over S 2 ). Thus we have constructed a contact structure, into which (U, ξ) contact embeds, on a lens space that is transverse to the fibers of a Seifert fibration of L(p, 1). It is well known that such a contact structure is fillable and therefore tight (in fact universally tight), thus ξ is tight.
Proof that the geometric estimate (1.1) implies that C(r) has the desired properties. The orbit of X α through p is a unit speed geodesic ζ on (−r, r). We consider coordinates around ζ given by the exponential map of the normal bundle νζ
where (−r, r) is the open interval for the arc-length parameter z of ζ(z).
The first necessary step is to estimate r for which the exponential map exp ν is injective. Let K > 0 be an upper bound for sec(M). As stated in Lemma 2.4, at every point p of M, the ball B p (r) of radius r is (weakly) convex whenever
Thus the restriction of exp ν to {z} × D(r) for every fixed z is injective, since exp ν agrees with the "full" exponential map exp : B(r) −→ M on {z} × D(r) which is injective on the ball of radius r. Thus injectivity of exp ν can fail only when there is a geodesic triangle T = {p 0 , p 1 , p 2 } in (−r, r) × D(r) formed by a piece of the geodesic ζ between p 0 = ζ(z 0 ) and p 1 = ζ(z 1 ) in C(r) and two "radial" geodesics γ 0 in D z 0 , and γ 1 in D z 1 , such that γ 0 (0) = p 0 , γ 1 (0) = p 1 and γ 0 (t 0 ) = γ 1 (t 1 ) = p 2 for some t 0 , t 1 ≤ r. Let us denote by γ ij , i < j the sides of the triangle T , i.e. the geodesics between p i and p j of length l ij . Since ζ is orthogonal to D z 0 and D z 1 , the triangle T also has two right angles at vertices p 0 and p 1 . Without loss of generality we assume
otherwise we may switch the labels of the vertices p 0 and p 1 (the only feature of the vertex needed is that the angle at that vertex is π 2
). Since, the geodesics γ ij are minimizing we may compare the right geodesic triangle T = {γ 01 , γ 02 , γ 12 } to the right triangleT = {γ 01 ,γ 02 ,γ 12 } in the 2-sphere of constant curvature K, assuming that atp 0 the angel betweenγ 01 andγ 02 is π 2 (which is the same as betweenγ 01 andγ 02 ) and l 01 =l 01 <
For such a right triangle on the 2-spherel 02 <l 12 , and we obtain the contradiction since l 02 =l 02 <l 12 ≤ l 12 ≤ l 02 , where the second inequality is a consequence of the Triangle Comparison Theorems [3] .
Next, we show that estimate (1.1) implies that X α is transverse to the disks D z : fix a radial unit speed geodesic γ(t) emanating from p = γ(0) which belongs to D z , and let {e 1 =γ, e 2 , e 3 } be a frame of unit vectors such that e 1 , e 2 are tangent to the disc D z along γ and e 3 (p) = X α (p). The Reeb field X α stays transverse to D z provided that the angle between X α and e 3 is smaller than π 2
. We express this condition as follows
Estimating along γ:
Let ∇ i be the covariant derivative in the direction e i , that is ∇ e i . Since e 1 is the tangent to the geodesic γ we have ∇˙γe 1 = ∇ 1 e 1 = 0, and hence ∇ 1 e 2 , e 1 = ∇ 1 e 3 , e 1 = 0.
We also obtain ∇ 1 e 2 , e 2 = ∇ 1 e 3 , e 3 = 0, and ∇ 1 e 3 , e 2 = − e 3 , ∇ 1 e 2 .
As a result, for some local function a ∇ 1 e 2 = a e 3 , and ∇ 1 e 3 = −a e 2 .
Remark 3.1. Notice that if the D z are totally geodesic discs then ∇˙γe 3 = 0, and the second term under the integral in (3.2) vanishes.
Consequently, 
Since D z is totally geodesic at its center point we have at t = 0: e 3 , ∇ 1 e 2 (γ(0)) = 0 and along γ = γ(t)
Next, we estimate the first term under the integral in (3.2). By Equation (2.3)
and | ∇˙γX α , e 3 | ≤ ∇ 1 X α ≤ φ e 1 + h(e 1 )
(3.5)
The last inequality in (3.5) follows from Equation (2.5) because in dimension three h has eigenvalues {λ, −λ, 0} (see [2, Chapter 6] ). Therefore h = |λ| and
Combining Estimates (3.2)-(3.5) and integrating we obtain the necessary condition for X α to stay transverse to D z along γ
Where A and B are defined in (3.3) and (3.5). Thus X α is transverse to D z at γ(t) whenever
(roots of A t 2 + 2B t − 2 are (−B ± √ 2A + B 2 )/A).
Comparison of geodesic convexity and symplectic pseudoconvexity
We now consider a contact 3-manifold (M, ξ), where ξ = ker α, and wish to study conditions on a surface S ⊂ M which imply that Σ = R + × S is pseudoconvex in the simplectization: (W, ω), where W = R + × M and
To this end we give W the product metric g = 1 ⊕ g α and define a complex structure J on W as follows. Let {v 1 , v 2 } be an oriented symplectic basis for ξ at a point that is orthonormal with respect to g, we denote the coordinate on R + by t and set X α to be the Reeb vector field. Define
It immediately follows that J is tamed by ω. We begin by observing the following simple fact.
Lemma 4.1. Let W, Σ and J be defined as above. For any v ∈ T W that is a complex tangency to Σ (that is v and Jv are in
This lemma follows immediately from the more general Lemma 6.1 below, to which we refer for the proof.
This lemma, together with Lemma 2.3, immediately establishes the following theorem. We are now ready to prove our second main theorem, Theorem 1.2. Recall this theorem says that a ball of radius smaller than min{inj(M),
Proof of Theorem 1.2. From Lemma 2.4 we know that the distance function r p : M → R : q → d(p, q) is smooth and has positive definite Hessian at points of distance less than min{inj(M),
Thus the ball B p (r) of radius r about p has weakly geodesically convex boundary, so Theorem 4.2 implies that R + ×B p (r) in the symplectization has pseudoconvex boundary. Now if the contact structure on B p (r) were overtwisted Hofer's result, Corollary 2.2, would say there was a closed orbit of the Reeb flow in B p (r). But this would be a closed geodesic in B p (r) which clearly cannot exist as r is smaller than the injectivity radius.
Examples
Recall that the contact metric manifold is K-contact if and only if X α is the Killing vector field. In dimension 3 it is equivalent to the notion of the Sasakian structure (see [2, Chapter 6] ), and among other things implies that h = 
If the normal disks D z are totally geodesic then A = 0 and we may further simplify the right hand side of the estimate to min(C, 1).
We end by demonstrating the bound for several classical examples.
Consider the standard tight contact structure on T 3 defined by the 1-form α = (dx 2 + dy 2 + dz 2 ), in the standard coordinates (x, y, z) on T 3 , and the Reeb field is given by X α = 2(cos(z)
). Identifying T 3 with a unit cube in R 3 each side of the cube has length π thus the injectivity radius is bounded above by C = π 2
. Notice that every plane in R 3 descends to the totally geodesic submanifold in T 3 , therefore A = 0, and since Ric(X α ) = 0, we have B = 2. As a result the estimate (1.1) for τ (T 3 , ξ) is (dx 2 + dy 2 ), and the Reeb field X α = 2 ∂ ∂z . According to (5.1) we only need to estimate A. The sectional curvature of any plane containing X α is constant equal 1 and the sectional curvature of the contact plane is constant equal −3 (see [2, Chapter 4] ). We easily conclude that a sectional curvature of every plane must be between 1 and −3, thus A =
which is obtained from the metric in Example 1 after a pullback to a Darboux chart (see [2, Chapter 7] ). Thus g is a flat metric on R 3 , but not a Sasakian structure however. The constants in this case are A = 0 and B = 2 so again we obtain τ (R 3 , ξ std ) ≥ , the tight radius estimate is 1, i.e. the best possible to achieve via Theorem 1.1. Theorem 1.2 leads to much better lower bound:
6. Extension to curl eigenfields.
In this section we consider the extension of the previous results for contact forms and compatible metrics to curl eigenfields. More specifically recall that a contact form α is compatible with a metric if α = 1 and dα = * α. If we are given a metric g then we say a 1-form is a curl eigenfield (or eigenform) if
where µ = 0 is a constant. Notice that this condition allows for α to vary. In particular it can be zero, but where ever it is non-zero α is a contact form. This condition is a considerably weaker from of compatibility of a contact structure with a metric than the one studied above. For example curl eigenfields (possibly with zeros) exist on any closed Riemannian manifold. If a contact structure ξ has a contact form α that is a curl eigenfield for the metric g then we say that ξ and g are weakly compatible.
6.1. Curl eigenfields. Throughout this section let α be a contact form on M that satisfies Equation (6.1) for some fixed metric g. Notice that the dual vector field v α -that is α = g(v α , · ) -is proportional to the Reeb field X α = ρ 2 v α where ρ = X α . We once again will consider the symplectization (W = R + × M, d(tα)) of (M, ξ). We adjust the previous definition (4.1) of an almost complex structure J on W as follows
where {v 1 , v 2 } is a positive basis in the contact planes and v 3 = X α / X α . One easily checks that J is tamed by ω = d(tα).
Suppose that S is a regular level set of some function h : M → R and set Σ = R + × S (so it is the regular level set of h • π where π : W → M is projection). We now consider the analog of Lemma 4.1 to our current situation.
Lemma 6.1. Let W, S, Σ and J be defined as above. If
where ρ = X α .
Please note that Lemma 4.1 above immediately follows from this lemma as in the case of a compatible metric ρ = 1.
Proof. We first notice that
We can similarly compute
Let us denote the bilinear form which is a sum of (6.3) and (6.4) by Q(v, w) :
In our computations below it is important to keep in mind that Q is tensorial in both entries. The lemma follows by showing
for any v ∈ C. To this end we choose the following pair of vectors that span the subspace C = T Σ ∩ JT Σ of complex tangencies
where functions a, b are chosen so that dh(JY ) = 0 and a 2 + b 2 = 1. (Such a and b clearly exists.) We will show that
, then the desired result easily follows since a general v ∈ C is of the form cY + dJY and
We work in the frame {e 1 , e 2 , e 3 , e 4 } = {v 1 , v 2 , v 3 , ∂ ∂t }, with an assumption that v 1 is tangent to S, and thus dh(e 1 ) = 0. if ∇ is the Levi-Civita connection associated to our metric then as usual we have ∇ e i e j = Γ k ij e k . Since the frame is orthonormal we have the usual equalities Γ Evaluating Q on Y = a e 4 + b e 1 , Equation (6.6) yields = (e 3 ) · (dh(e 2 )) − (e 2 ) · (dh(e 3 )) + Γ 2 33 dh(e 3 ) Q(e 1 , e 4 ) = (e 2 ) · (dh(e 3 )) − (e 3 ) · (dh(e 2 )) + dh(J[e 3 , e 1 ] − ∇ 1 e 4 − ∇ 2 e 3 ) = (e 2 ) · (dh(e 3 )) − (e 3 ) · (dh(e 2 )) + (Γ Thus S must be pseudo-convex.
We end with a proof of Theorem 1.5 concerning the tightness of curl eigenfields in the non-positive curvature setting.
Proof of Theorem 1.5. Suppose X α has a contractible periodic orbit γ, then γ lifts via the exponential map to a contractible periodic orbitγ ofX α in the universal covering spacẽ M ∼ = R 3 . We assume thatM is equipped with a pull-back metricg. The injectivity radius ofM is infinite and the Hessian of the distance function r obeys ct K (r)g ≤ ∇ 2 r.
Sinceγ must belong to the ball of radius diam(M), we obtain the claim by repeating the argument in part (i) of the proof of Theorem 1.4. (Notice that we do not need the pseudoconvexity estimate here.)
